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Graph-theoretic characterizations

for the Cayley graphs of
_ monoids and commutative monoids
_ semigroups and semilattices

_ groups and abelian groups
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Cayley graph of a commutative semigroup
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Magma (M, ) and any subset S of M

set A of labels and an injection [ ] : S — A

Generalized Cayley graph
CIMS] = {m L m.s|meMAsesS)

For (Z,—) the gen. Cayley graph C[Z,{—1,2}] is

2 2 2 2 2
—_— — —_ . -1 . -1 ° -1 . -1 o — —_— —
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Proposition 1

The generalized Cayley graphs of magmas with a
left identity are the deterministic, source-complete
graphs with an out-simple vertex.

deterministic : if s<—r—st then s=t
source-complete : V vertex s label a, s SN

: : a,b
out-simple vertex r: if r—> then a=b
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<= : G deterministic and source-complete graph

r out-simple vertex
magma (Vg, ) with s -t defined by

t if s=r
x if r—>t and s—>x
r otherwise.

r is a left identity

S, = {s|r—»s} setof successors of r

G = C[Vg,S,] with [s] = a for r s

Cayley graphs
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Proposition 2

The generalized Cayley graphs of magmas with an
identity are the deterministic, source-complete
graphs with an out-simple loop-propagating vertex.

r loop-propagating: if r —> r then s —s V s

<= : We define s-t by
t if s=r
s if t=r

x if r—t and s —3x

r otherwise.
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Proposition 3

The generalized Cayley graphs of commutative
magmas with an identity are the deterministic,
source-complete graphs with an out-simple
loop-propagating and locally commutative vertex.

. . ab ba
r locally commutative: if r— s then r—s

<= : We define s-t by r an identity, otherwise
x if r——t and s — x
. b b
y if r—s and t—y

r otherwise.
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Cayley graph of a monoid (M)
C[M,S] for M generated by S:
M={s;-....s, |n>0 and sq,....5,€S}
Theorem 1

The Cayley graphs of (resp. commutative) monoids
are the deterministic, source-complete graphs with
an out-simple root which is propagating (resp. and
locally commutative).

. . u,v u,v
r propagating: if r — then s — forany s
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<= : G deterministic and source-complete graph

root r out-simple and propagating vertex

We define s -t by

s —>s-t if r—t with ue A*
(Vg -) monoid generated by S,

G = C[Ve,S,] with [s] = a for r = s
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a,b a,b a,b

Cayley graph of a commutative monoid

Didier Caucal Cayley graphs



o))
N
2]

0 4 a 6
Ib lb \b Ib S
1 a,b 3 a,b 5 a,b 7

Cayley graph of a commutative monoid
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a,b

Cayley graph of a commutative monoid

m + n if m or n is even
m-+n-+1 if mand n are odd

So - is associative, commutative of identity 0
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Cayley graph of a semigroup (M,-)
C[M,S] for M generated by S :
M={s;-....s, |n>0 and sy,...,5, €S}
Corollary 1
Cayley graph G of a semigroup (resp. commutative) :

G deterministic and 3 i : Ag — Vg injective s.t.

\; accessible from i(Ag)

au,bv

if i(a) — < i(b) then s —=

for any vertex s label a,b label word u,v

(resp i(a) N i(b) for any label a,b).
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b b b b
a a,b a,b a,b
\ / / /
b b b

Cayley graph of a commutative semigroup
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Cayley graph of a commutative semigroup
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bbbb bbbbb

Cayley graph of a commutative semigroup

a" alb ba
am | am™t™™ | amtb | amtalp
aib ai+nb aiJerrlb ai+qb
bP [ aP™™1b | aPtib bp+a
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Semilattice (M,-)

commutative semigroup with - idempotent
Corollary 2
Cayley graph G of a semilattice:

if i(a) — s then s —=s forany ...

O b C’.) a O
qlr
PUPLTLTE eltpart{pal] with [p] =a; [q] = b
qijr|q|r
r r r r
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Cayley graph of a group (M,-)

C[M,S] for M generated by S :
M= {s-...s,|n>0 and sq,....5, € SUS 1}
Theorem ICGT 2018

The Cayley graphs of groups are the connected,
simple, deterministic and co-deterministic
vertex-transitive graphs.

G vertex-transitive: all the vertices are isomorphic
. . a,b

G simple: if s =5t then a = b

G co-deterministic: G deterministic

G = {ti>s|Si>t}with{é|a€A}copyofA
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Theorem 2
Cayley graph G of a group (resp. abelian) :

G connected, deterministic and co-deterministic
with a(ny) vertex which is

source and target-complete, in and out-simple, and
chain-propagating (resp. and locally commutative).
r chain-propagating : r propagating for G U G

r target-complete : r source-complete for G

r in-simple : r out-simple for G
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<= : Wedefine s-t in GUG by

s—ss-t if r—t with ue (AUA}¥*

Cayley graph of an abelian group
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<= : Wedefine s-t in GUG by

s—ss-t if r—t with ue (AUA}¥*

2  , 0 A 2
———'b 'b 'b———
-1 a 1 a 3

Cayley graph of an abelian group
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<= : Wedefine s-t in GUG by

s —s-t if r—t with ue (AUA)*

-2 a 0 a 2
-_— - 'b 'b 'b -_ - -
-1 a 1 a 3

Cayley graph of an abelian group

m -+ n if m or n is even
.n—
m-+n-2 if m and n are odd
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Conclusion

Cayley graphs of semigroups, monoids, groups

. other algebraic structures
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