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This talk is motivated by the results, stated in the papers: 
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MANU, Skopje, 1977, p. 21-25, (MR0554024 Additive semigroups of
integers.(Macedonian) 10A99 (20M99));

[2] Д. Димовски, М. Хаџи-Коста Јосифовска: Конечно генерирани
потполугрупи од адитивната полугрупа ℕ𝒏, Math. Maced. Vol1,
(2003), 77-88 (Finitely generated subsemigroups of the additive
semigroupℕ𝒏); and

[3] М. Хаџи-Коста Јосифовска, Д. Димовски: Опис на конечно
генерирани адитивни подгрупи на ℤ𝒏, Збор. труд., III Kонгрес на
математичарите на Македонија, Струга 2005; (Сојуз на
математичари на Македонија, Скопје 2007), 261-274 (Description of
additive subgroups of ℤ𝒏).
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T.1.2. ([1]) Let G be a semigroup consisting of positive integers. Let n
be the smallest integer in G, d the greatest common divisor of the
elements of G and 𝑛 = 𝑘𝑑 . Let us denote by Ai the set of those
elements of G whose reminder after division by n is id, i.e.

𝐴𝑖 = 𝑎|𝑎 ∈ 𝐺, 𝑎 = 𝑛𝑡 + 𝑖𝑑, 𝑡 ∈ ℕ

(i) 𝐺 = 𝐴0 ∪ 𝐴1 ∪⋯∪ 𝐴𝑘−1, the union is disjoint

(ii) There exist 1 = 𝑎0, 𝑎1, … , 𝑎𝑘−1 ∈ ℕ , such that 𝐴𝑖 = ሼ
ሽ

𝑡𝑛 + 𝑖𝑑| 𝑡 ≥
𝑎𝑖 and

𝑎𝑖 + 𝑎𝑗 ≥ ൝
𝑎𝑖+𝑗 , 𝑖 + 𝑗 < 𝑘

𝑎𝑖+𝑗−𝑘 − 1 , 𝑖 + 𝑗 ≥ 𝑘

(iii) If 𝑚𝑖 = 𝑎𝑖𝑛 + 𝑖𝑑 then 𝑛 = 𝑚0, 𝑚1, … ,𝑚𝑘−1 generates G .

(iv) Let  𝑏 = 𝑚𝑎𝑥 𝑎0, 𝑎1, … , 𝑎𝑘−1 , 𝑠 = 𝑚𝑎𝑥 𝑖|𝑎𝑖 = 𝑏 and  𝑐 =
𝑏 − 1 𝑘 + 𝑠 + 1 . Then 𝑐 − 1 𝑑 ∉ 𝐺 and   𝑡𝑑|𝑡 ≥ 𝑐 = 𝐺𝑜 ⊆ 𝐺 . 

(We say that Go is the regular part of G).



T. 2.1. ([1])Let 𝛼 be a congruence on G and 𝛼 ≠ Δ𝐺 (Δ𝐺 is the diagonal). 
Then there exist 𝑚, 𝑠1, 𝑠2, … , 𝑠𝑘−1 ∈ ℕ such that: 

(i) 𝑎𝛼𝑏 ⟹ 𝑚|𝑎 − 𝑏

(ii) For every 𝑡 ∈ ℕ0 [ 𝑠𝑖 + 𝑡 𝑛 + 𝑖𝑑]𝛼 is an infinite class, and for 
every  𝑣 ∈ 𝐴𝑖, 𝑣 < 𝑠𝑖𝑛 + 𝑖𝑑 ⟹ 𝑣𝛼 is a finite class for 0 ≤ 𝑖 ≤ 𝑘 − 1.

(iii) The integers si satisfy the following conditions: 𝑠𝑖≥ 𝑎𝑖 and 

𝑠𝑖 + 𝑎𝑗 ≥ ൝
𝑠𝑖+𝑗 , 𝑖 + 𝑗 < 𝑘

𝑠𝑖+𝑗−𝑘 − 1 , 𝑖 + 𝑗 ≥ 𝑘



Examining the additive subsemigroups of ℤ𝒏 for n>1, first we come to 
the major diference with the case n=1. Any additive subsemigroup of 
ℤ is finitely generated which is not the case for n>1. 

Thm.([2]) An additive subsemigroup G of ℕ𝒏 for n>1 is finitely 
generated if and only if G is a subset of Cone(A) for some subset A of G.

In order to obtain better undesrstanding of the additive subsemigroups
of ℤ𝒏 we needed a good description of the additive subgroups of ℤ𝒏, 
given in  [3].

If in T.1.2.  𝑑 = 1 , then 𝐺 ∪ ሼ0ሽ is a numerical semigroup whose 
multiplicity is  n, conductor is c,  gaps are all the numbers 𝑡𝑛 + 𝑖 for 𝑡 <
𝑎𝑖, the genus is  σ𝑖=0

𝑛−1 𝑎𝑖 and the Frobenius number is 𝑐 − 1. We 
denote this semigroup by 𝐺 = 𝑛; 𝑎0 = 1, 𝑎1, … , 𝑎𝑛−1 . The notion of 
embedding dimension is not considered in [1].



Next, let 𝐺 = 𝑛; 𝑎0 = 1, 𝑎1, … , 𝑎𝑛−1 be as above, let R(G) be the set 
of all 𝑡 ∈ ℤ𝑛, such that there are 𝑖, 𝑗 ∈ ℤ𝑛 ,𝑡 = 𝑖⨁𝑗 and  𝑎𝑡 = 𝑎𝑖⨁𝑗 =
𝑎𝑖 + 𝑎𝑗 + [𝑛; 𝑖, 𝑗] i.e.

𝑅 𝐺 = 𝑖⨁𝑗|𝑖, 𝑗 ∈ ℤ𝑛 , 𝑎𝑖⨁𝑗 = 𝑎𝑖 + 𝑎𝑗 + 𝑛; 𝑖, 𝑗

where 𝑛; 𝑖, 𝑗 is the integer part 
𝑖+𝑗

𝑛
, and let 𝑆 𝐺 = ℤ𝑛\𝑅(𝐺). We 

define two more sets:

𝐵0 = 𝑎𝑖𝑛 + 𝑖|𝑖 ∈ ℤ𝑛 and 𝑀0 = 𝑎𝑖𝑛 + 𝑖|𝑖 ∈ 𝑅(𝐺) .

Theorem 1. The set 𝐵0\𝑀0 is the minimal set of generators for G. So 

𝑒𝑑 𝐺 = 𝐵0\𝑀0 = |𝑆 𝐺 |.



For 𝑛, 𝑖1, 𝑖2, … , 𝑖𝑘 ∈ ℕ we denote the integer part 
𝑖1+𝑖2+⋯𝑖𝑘

𝑛
by 

[𝑛; 𝑖1, 𝑖2, … , 𝑖𝑘]

Fact. Let 𝑛, 𝑘, 𝑡 ∈ ℕ and 𝑖𝑖 , 𝑖2, … , 𝑖𝑘 , ሼ𝑗𝑖 , 𝑗2, … , 𝑗𝑡ሽ ⊆ ℤ𝑛.  Then:

• 𝑛; 𝑖1, 𝑖2, … , 𝑖𝑘 =
𝑖1+𝑖2+⋯+𝑖𝑘−𝑖1⨁𝑖2⨁…⨁𝑖𝑘

𝑛

• 𝑛; 𝑖1, 𝑖2, … , 𝑖𝑘 , 𝑗𝑖 , 𝑗2, … , 𝑗𝑡 = 𝑛; 𝑖1⨁𝑖2⨁…⨁𝑖𝑘, 𝑗𝑖 , 𝑗2, … , 𝑗𝑡 +
𝑛; 𝑖1, 𝑖2, … , 𝑖𝑘

• 𝑛; 𝑖1, 𝑖2, … , 𝑖𝑘 , 𝑗𝑖 , 𝑗2, … , 𝑗𝑡 = 𝑛; 𝑖1⨁…⨁𝑖𝑘, 𝑗1⨁…⨁𝑗𝑡 +
𝑛; 𝑖1, … , 𝑖𝑘 + 𝑛; 𝑗1, … , 𝑗𝑡

• 𝑛, 𝑖1 = 0

Fact. Let 𝐺 = 𝑛; 𝑎0 = 1, 𝑎1, … , 𝑎𝑛−1 . Then for each k, 
𝑎𝑖1⊕𝑖2⨁…⨁𝑖𝑘 ≤ 𝑎𝑖1 +⋯+ 𝑎𝑖1 + [𝑛; 𝑖1, 𝑖2, … , 𝑖𝑘]



Let 𝑛 be a given positive integer. Let 𝑇 ⊆ ℤ𝑛\ 0 be a generating set 
for ℤ𝑛,  and let 𝐵(𝑇) = ሼ |𝑏𝑠 𝑠 ∈ 𝑇ሽ ⊆ ℕ satisfies the following 
condition

if 𝑡 ∈ 𝑇and 𝑡 = 𝑖1 ⊕. . .⊕ 𝑖𝑟 for   𝑖1, . . . , 𝑖𝑟 ∈ 𝑇\ሼ𝑡ሽ

then 𝑏𝑡 < 𝑏𝑖1+. . . +𝑏𝑖𝑟 + [𝑛; 𝑖1, . . . , 𝑖𝑟].     (*)

We define a set 𝐴 = ሼ𝑎0, 𝑎1, . . . , 𝑎𝑛−1ሽ as follows:

(𝑖) 𝑎0 = 1,

(𝑖𝑖) If  𝑖 ∈ 𝑇 then 𝑎𝑖 = 𝑏𝑖,

(𝑖𝑖𝑖) If  𝑖 ∉ 𝑇 then  

𝑎𝑖 = 𝑚𝑖𝑛ሼ 𝑏𝑖1+. . . +𝑏𝑖𝑟 + [𝑛; 𝑖1, . . . , 𝑖𝑟]ห𝑖 = 𝑖1 ⊕. . .⊕ 𝑖𝑟 , 𝑖1, . . . , 𝑖𝑟 ∈ 𝑇ሽ.



Theorem. a) The numbers 𝑎0, 𝑎1, . . . , 𝑎𝑛−1 satisfy the condition (𝑖𝑖) of 
T.1.2., and, so, 𝐺 = 𝑛; 𝑎0 = 1, 𝑎1, … , 𝑎𝑛−1 =[𝑛; 𝐴] is a numerical 
semigroup. (We denote this semigruoup by [𝑛; 𝑇, 𝐵(𝑇)] )

b) 𝑅 𝑛; 𝑇; 𝐵 𝑇 𝐺 = ℤ𝑛\ 𝑇 ∪ 0

c) 𝑒𝑑 𝑛; 𝑇; 𝐵 𝑇 = 𝑇 + 1

Theorem. A numerical semigroup 𝐺 has 𝑒𝑑(𝐺) = 𝑑 if and only if 

𝐺 = [𝑛; 𝑇; 𝐵(𝑇)] for some 𝑛, 𝑇 ⊆ ℤ𝑛\ 0 and 𝐵 𝑇 ⊆ ℕ as above with 
𝑇 = 𝑑 − 1 .



Let 𝐺 = [𝑛; 𝑇; 𝐵(𝑇)], 𝑇 = ሼ𝑗1, 𝑗2, … , 𝑗𝑘ሽ, 𝒜 = ሼ𝑛𝑎𝑠 + 𝑠|𝑠 ∈ ℤ𝑛ሽ and 

ℳ = 𝑛𝑏𝑗𝑟 + 𝑗𝑟 𝑟 = 1,2,… , 𝑘ሽ = ሼ𝑚1, 𝑚2, … ,𝑚𝑘ሽ .

We define 𝜑: ℤ𝑘 ⟶ ℤ𝑛 by: 

𝜑 𝑧1, 𝑧2, … , 𝑧𝑘 = 𝑡 iff σ𝑠=1
𝑘 𝑧𝑠𝑚𝑠 is congruent to 𝑡 modulo 𝑛.

Then, 𝑯 = 𝑘𝑒𝑟𝜑 is an additive subgroup of of ℤ𝑘 of rank 𝑘. Let 

𝑯 ∩ ℕ0
𝑘 = 𝑩𝟎; 𝑩 = 𝑩𝟎\ሼ0,0,… , 0ሽ; 𝑫 = 𝑩 + ℕ0

𝑘 and

𝓒 = ℕ0
𝑘\𝑫 (We say that  𝓒 is the carier if 𝐺)

Theorem. For each 𝑟 ∈ 𝒜\ሼ0ሽ,  𝑟 = 𝑝1𝑚1 +⋯+ 𝑝𝑘𝑚𝑘 for some 
(𝑝1, … , 𝑝𝑘) ∈ 𝓒.

The group 𝑯 is an invariant for the numerical semigroups.



𝑒𝑑(𝐺) = 2,  𝐺 = [𝑛; ሼ𝑖ሽ, ሼ𝑏𝑖ሽ],  gcd(n,i)=1,  𝑥 = 𝑏𝑖𝑛 + 𝑖,

ℳ = ሼ𝑥ሽ,  𝒜 = 𝑛𝑎𝑠 + 𝑠 𝑠 ∈ ℤ𝑛 = ሼ𝑚𝑠|𝑠 ∈ ℤ𝑛ሽ. The definition of 𝐺
implies that

𝑚𝑡⨀𝑖 = 𝑡𝑥, 

and so 𝐹 𝐺 = 𝑛 − 1 𝑥 − 𝑛 .



𝑒𝑑(𝐺) = 3,  𝐺 = [𝑛; ሼ𝑖, 𝑗ሽ, ሼ𝑏𝑖 , 𝑏𝑗 ሽ], gcd 𝑛, 𝑖 = gcd 𝑛, 𝑗 = 1

𝑥 = 𝑏𝑖𝑛 + 𝑖, 𝑦 = 𝑏𝑗𝑛 + 𝑗 , ℳ = ሼ𝑥, 𝑦ሽ,  and 

𝒜 = 𝑛𝑎𝑠 + 𝑠 𝑠 ∈ ℤ𝑛 = ሼ𝑚𝑠|𝑠 ∈ ℤ𝑛ሽ. 

The definition of 𝐺 implies that  𝑚𝑠 = minሼ𝑝𝑥 + 𝑞𝑦|𝑝⨀𝑖⨁𝑞⨀𝑗 = 𝑠ሽ .

If  𝑝′⨀𝑖 = 𝑞′⨀𝑗 and 𝑝′𝑥 > 𝑞′𝑦 , then 

𝑝′⨀𝑖⨁𝑞⨀𝑗 = 𝑞′⨀𝑗⨁𝑞⨀𝑗 = (𝑞′ + 𝑞)⨀𝑗 and  𝑝′𝑥 + 𝑞𝑦 > 𝑞′ + 𝑞 𝑦 .

So, we examine the minimal pairs 𝑝,−𝑞 ∈ 𝑯, 𝑝, 𝑞 ∈ ℕ , where
minimal means that there is no 𝑝′, −𝑞′ ∈ 𝑯, 𝑝′, 𝑞′ ∈ ℕ such 
that 𝑝′ < 𝑝 𝑎𝑛𝑑 𝑞′ < 𝑞 . 



Fact: Let 𝑝, −𝑞 , (𝑢,−𝑣) be two such pairs satisfying: 𝑝 > 𝑢, 𝑞 < 𝑣
and

0 < 𝑐 < 𝑝, 0 < 𝑑 < 𝑣 ⟹ (𝑐,−𝑑) ∉ 𝑯 .

Then, simple calculation implies that   𝑝𝑣 − 𝑞𝑢 = 𝑛 and 

ሼ𝑠⨀𝑖⨁𝑟⨀𝑗|(𝑠, 𝑟) ∈ 𝐴𝐿∪ 𝐴𝑅ሽ = ℤ𝑛 , where

𝐴𝐿 = ሼ(𝑠, 𝑟)|0 ≤ 𝑠 < 𝑝, 0 ≤ 𝑟 < 𝑣 − 𝑞ሽ and

𝐴𝑅 = ሼ(𝑠, 𝑟)|0 ≤ 𝑠 < 𝑝 − 𝑢, 0 ≤ 𝑟 < 𝑣ሽ .



Now, for 𝐺 = [𝑛; ሼ𝑖, 𝑗ሽ, ሼ𝑏𝑖 , 𝑏𝑗 ሽ], 𝑥 = 𝑏𝑖𝑛 + 𝑖, 𝑦 = 𝑏𝑗𝑛 + 𝑗, let p be the 
smallest such that 𝑝𝑥 > 𝑝⨀𝑖⨀𝑗−1 𝑦 and v be the smallest such that  
𝑣𝑦 > 𝑣⨀𝑗⨀𝑖−1 𝑦.

Again, a simple calculation implies that the pairs

𝑝,−𝑝⨀𝑖⨀𝑗−1 , (𝑣⨀𝑗⨀𝑖−1, −𝑣)

satisfy the condition of the above Fact.

So, 𝒜 = ሼ𝑠𝑥 + 𝑟𝑦|(𝑠, 𝑟) ∈ 𝐴𝐿 ∪ 𝐴𝑅ሽ and 

𝐹 𝐺 = 𝑝 − 1 𝑥 + 𝑣 − 1 𝑦 −minሼ 𝑣⨀𝑗⨀𝑖−1 𝑥, 𝑝⨀𝑖⨀𝑗−1 𝑦ሽ.



How do we find the minimal pairs 𝑝,−𝑞 ∈ 𝑯 ?

We start with the minimal pairs 𝑛, 0 , (𝑗, −1). The next minimal pair is:

𝑛

𝑗
𝑗 − 𝑛, −

𝑛

𝑗
. 

If 𝑝,−𝑞 , (𝑢, −𝑣) are two consecutive minimal pairs, with 𝑢 ≠ 0, then 
the next minimal pair is

𝑝

𝑢
𝑢 − 𝑝,−

𝑝

𝑢
𝑣 − 𝑞 .






