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T.1.2. ([1]) Let G be a semigroup consisting of positive integers. Let n
be the smallest integer in G, d the greatest common divisor of the
elements of G and n = kd . Let us denote by A, the set of those
elements of G whose reminder after division by n isid, i.e.

A; ={ala € G,a=nt+id,t € N}
()G = Ay UA{ U---U A,_q,the union is disjoint

(ii) There exist 1 = ay,aq, ...,ar—1 € N,such that A; ={tn+id|t >
a;} and f
ai+j ,i +] <k
Cli+j_k—1,i+j2k

\

(iii) If m; = a;n + id then {n = my,m4, ..., my_;} generatesG.

(iv) Let b = max{agy, aq,...,A5_1}, S = max{l|a =b}and c =
(b-—Dk+s+1. Then(c—l)d&éG and {td|t>c}—G0 cG.
(We say that G, is the regular part of G).

al+a]><




T. 2.1. ([1])Let a be a congruence on G and a # A; (A is the diagonal).
Then there exist m, s¢, S5, ..., Sx—1 € N such that:

(i) aab = m|a — b
(ii) For every t € Ny [(s; + t)n + id]% is an infinite class, and for
every vE A, v<sn+id = v¥%isafiniteclassfor0 <i <k — 1.
(iii) The integers s; satisfy the following conditions: s;= a; and

Si+j, L+ <k

S; +a; = - ..
y J Si+j—k_1’l+]2k
\




Examining the additive subsemigroups of Z™" for n>1, first we come to
the major diference with the case n=1. Any additive subsemigroup of
Z. is finitely generated which is not the case for n>1.

Thm.([2]) An additive subsemigroup G of N™ for n>1 is finitely
generated if and only if G is a subset of Cone(A) for some subset A of G.

In order to obtain better undesrstanding of the additive subsemigroups
of Z™ we needed a good description of the additive subgroups of Z",
givenin [3].

IfinT.1.2. d = 1, then G U {0} is a numerical semigroup whose
multiplicity is n, conductor is ¢, gaps are all the numberstn + i fort <
a;, the genus is Y=o a; and the Frobenius numberis c — 1. We
denote this semigroup by G = [n;a, = 1,a4, ...,a,_1] . The notion of
embedding dimension is not considered in [1].



Next, let G = [n;a, = 1,a4, ...,a,_1] be as above, let R(G) be the set
ofallt € Zy, such thatthereareli,j € Z, ,t =i®j and a; = a;g; =
a, +a; +[n;i,j]ie.
R(G) ={i®jli,j € Z,, aiq; = a; + a; + [n; 1, j1}
where [n; i, ] is the integer part [HT]] ,and let S(G) = Z,\R(G). We
define two more sets:
By ={an+ili€eZ,}and My = {a;n +i|li € R(G)}.

Theorem 1. The set By\M, is the minimal set of generators for G. So
ed(G) = [Bo\M,| = |S(G)|.



Formn, iy, iy, ..., i, € N we denote the integer part [ll+12+ lk] by
In; i1, 15, .. lk]
Fact. Letn, k,t € Nand {i;, i,, ..., ix}, {Ji, J2, r Ji } € Z,. Then:
i1+i2+"'+ik—i1®i2®...®ik

n
. i1; i21 et ik'ji'jZJ '"th] — Tl "1691269 @lk»]ufz» . "jt] T
N;iq, 09, o, lg]
* [Tl, ill iz, cn ) ik,jl',jz, ""jt] — :_n, ll@ ....@lk,jl@.... @]t] +
N0, e, ] + 1G4, o) Je]

¢ _n; ili iz, ey lk] —

* [Tl, ll] — O
Fact. let G = [n;ay, = 1, al, ..., ,,_1]. Then for each k,
all@lz@ @lk >~ + o+ all + [n, il' iz, cee lk]



Let n be a given positive integer. Let T € Z,,\{0} be a generating set
for Z,, andlet B(T) = {bs|s € T} € N satisfies the following
condition

fteTandt =i, D...D i, for iq,...,1, € T\{t}
then by < b; +...+b; + [n;iq,..., 05 ]. (%)
We define aset A = {ay, a4,...,a,,—1} as follows:
(i) ag = 1,
(ii) If i € T then a; = b;,
(iit) If i € T then
a; = min{ by +...+b; + [niy,..., 0 ][i =iy B..B iy, iy,..., 0 € T}



Theorem. a) The numbers ay, a4, ..., a,,_1 satisfy the condition (ii) of
T.1.2.,and, so, G = [n;ay =1,a4, ...,a,,_1] =[n; A] is a numerical
semigroup. (We denote this semigruoup by [n; T, B(T)] )

b) R([n; T; B(T)G]) = Zn\(T U {0})
c)ed([n; T; B(T)]) = |T| +1

Theorem. A numerical semigroup G has ed(G) = d if and only if

IG |= [n; T; B(T)] forsomen, T € Z,\{0}and B(T) € N as above with
T|l=d—-1.



let G = [;T; B(T)|, T = {j1,j, rji}, A = {nas + s|s € Z,} and
M = {nbjr +jr‘r =1,2,..,k} ={my,m,,...,my}.
We define ¢: Z¥ — Z,, by:
©(24,25, ..., 2;) =t iff X<_, zsmg is congruent to t modulo n.
Then, H = kerg is an additive subgroup of of Z* of rank k. Let
Hn (Ny))* =B%B =B%{0,0,..,0}; D=B+ (Ny)* and
C = (Ny)*\D (We say that C is the carier if G)

Theorem. For each r € A\{0}, r = pymy + --- + p,my, for some

(P1, -, Di) € C.
The group H is an invariant for the numerical semigroups.



ed(G) =2, G =|n;{i},{b;}], gcd(n,i)=1, x = bjn + 1,

M = {x}, A ={na; + s|s € Z,} = {m|s € Z,,}. The definition of G
implies that

th)l — tx,
andsoF(G)=(n—1)x—n.



ed(G) =3, G = [ {i,}, {bi, by }], ged(n, ) = ged(n,j) = 1
x=bn+i,y=bn+j, M ={x,y}, and
A ={na; + s|s € Z,} = {m|s € Z,,}.
The definition of G implies that m, = min{px + qy|p®iBqgOj = s}.
If p’Oi=qg ®jandp’'x > q'y, then
p'OIBqOj = q'Oj®qOj = (¢ + q)Oj and p'x +qy > (¢ +q)y .

So, we examine the minimal pairs (p,—q) € H, p,q € N, where
minimal means that thereisno (p’,—q') € H, p’,q € N such
that p' <pandq' <q.



Fact: Let (p, —q), (u, —v) be two such pairs satisfying:p > u, g <v
and

0<c<p0<d<v = (c,—d)&H.

Then, simple calculation implies that pv — qu = n and
{sQiDdrOj|(s,r) € A;U Ar} = Z,, , where
A ={(5,7)|[0<s<p,0<r<v-—gq} and

Ap ={(5,7)|0<s<p—u,0<1r <v}.



Now, for G = [n; {i,j},{b;,b; }], x =bn+1i,y = bjn + j, let p be the
smallest such that px > (p@i@j‘l)y and v be the smallest such that
vy > (vOjOI™1)y.

Again, a simple calculation implies that the pairs

(p, —p@IO; 1), WO, —v)

satisfy the condition of the above Fact.
So, A ={sx +ry|(s,v) € A, U A} and

F(G)= (- Dx+ (v—1)y—min{(vOj®i1)x (pOi®; 1)y}



How do we find the minimal pairs (p,—q) € H ?
We start with the minimal pairs (n, 0), (j, —1). The next minimal pair is:

(17 ==15)

If (p, —q), (u, —v) are two consecutive minimal pairs, with u # 0, then
the next minimal pair is

(e =2 =[5y =a)









