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(1) Introduction (groups)



Groups and amenability

Theorem-Definitions (von Neumann-Tarski-Fglner 19~~)

G countable and discrete group. TFAE:

1. G is amenable, i.e., : P (G) — [0,1] normalized such that
p(AUB) = (A +u(B) and p(g'A)=pu(A).
2. G is not paradoxical: 4 gj, hj € G, A;, Bj c G such that

G:glAll_I---l_IgnAnZhlBll_J---I_IhmBm

SAiU---UA,UB U U By,

3. G has a Fglner sequence, i.e., {F,} .y with @ # F, c G finite

n—oo

lgFn U Ful/|Fn]| — 1.
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Introduction to inverse semigroups Il

Example: bicyclic monoid.
T:=(a,a*|a*a=1) = {aia*j | i,jeN}.
E(T)= {aia*i | i€ N} = {1,33*,323*2,...} ~ N.

B B2 28542 B8543
I
22 %2t 2202 2253
I R
a aa* 33*2 33*3
|

1 3* a>e2 3*3
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Introduction to inverse semigroups IlI

Definition (Day - 1957)
S is amenable if there is an invariant probability measure, i.e.,
a measure p: P (S) - [0,1] such that for every se S and Ac S

p(s7HA) = u(A),
where s1A:= {t e S| st e A}.

Examples:

1. All amenable groups.
2. 0 S~ u({0}) =1 (or, equivalently, 1 = dp).
3. S:=Fou {1} is not amenable.

Questions: Alternative point of view? Amenability forwards?
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Remark:
Pick S and p invariant measure (u (A) = u(s’lA)). Then:
(i) p(A) =p (AN Dss+) + /L(571 (AN DSS*)) = p (AN Dgs+).

(i) If Ac Dgs+ then
(A) = u(sHA) = u(s*A) +u((s9)7T (sTTAN s7A))
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Remark:

Pick S and p invariant measure (u (A) = u(s_lA)). Then:

(") N(A) = N(Am Dss*) + :u(s_l (A N Dss*)) = M(Aﬂ Dss*) :
(i) If Ac Dss+ then
BA) = i (s7HA) = (5% A) +a((57) (AN 7))
=u(s*A).
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Remark:
Pick S and p invariant measure (u (A) = u(s_lA)). Then:
(i) p(A) = p (AN Dsse) + N(S_l (AN DSS*)> = (AN Dsse) .
(i) If Ac Dss+ then
p(A) = p (s A) = u(s*A) +u((s*) (s AN s*A))
=u(s*A).
Proposition (Ara, Lled6, M. - 2019)

(4 is invariant < both following conditions are satisfied:

1. Domain-measure: p(A) = u(sA) for all A c Dgxs.
2. Localization: w(A) = (AN Dges) forall se S;AcS.
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Examples of domain-measurable semigroups:

1. All amenable semigroups.
2. Non-inv. & domain-measure: S = ({0,1},-) and = 4.
3. Non-ame. & domain-measurable: S =F,u {1} and p = 6;.

Invariance explanation:
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(3) Domain-measurable inverse

semigroups
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Fglner sets in domain-measurable semigroups

Fglner & paradoxicality ~» domain point of view.

Definition (Ara, Lledé, M. - 2019)
(i) S is domain-Fglner if there is {F,} .y, with @ # F, c S and

|s (Fn N Dgxs) U Fp| n—oo

1 for all seS.
| Pl

(ii) S is paradoxical if there are s;,tj € S, A; c Ds: s, and
Bj C Dtj?*tj with

S=51A1U---USA,=t1BiuU---UtyBm

SAiU...A,uBiU---U B,
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Theorem (Ara, Lled6, M. - 2019)
Let S be countable, discrete & unital. TFAE:

1. S is domain-measurable.

2. S is not paradoxical.

3. S is domain-Fglner.

Proof:

1 = 2: Typical 2 > 1 argument.

2 = 1: Tarski's type semigroup.

1 = 3: extend p to £*° (S) & Namioka's trick.
3 = 1: Consider p (A) :=limpoy, |AN Fp| /| Fal-

10
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The Roe algebra and its trace space

Relation to C*-algebras:
Rs:=C (£ (S)u{Vs|seS})cB((9)).

— R inherits much of the structure of S.
— Rs can be decomposed into direct sums.
— Proper infiniteness of Rs <> paradoxicality of S.

Theorem (Ara, Lled6, M. - 2019)

S inverse semigroup. Then:

{Traces of Rs} = {Amenable traces of Rs}

< {Domain-measures of S} .

11
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Recall: p invariant < 1 domain-measure & u localized.

Theorem (Gray, Kambites - 2017)
S semigroup satisfying the Klawe condition. TFAE:

1. S is amenable.

2. S has a strong Fglner sequence: {F,}, with @+ F,c S and

FU Fp| nesoo
IFn L Pl noem ) ond (sl = |Fl-
|Fal

Localization property: p(B) = p (B N Dsrs)
s: Dg+s = Dsg+ injective = |F N Dgrg| = |s (F N Dgxs)|.

12
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Theorem (Ara, Lledé, M. - 2019)
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Theorem (Ara, Lledé, M. - 2019)
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Theorem (Ara, Lledé, M. - 2019)

S is amenable iff S has a Fglner sequence within the domains:

there are {F,}, . suchthat @+ F,c S and

|5FnU Fn| n—oo

=1l

|Fal

and F, c Dgs~ (:> |5*Fn| = |Fn|)'

32 323* 823*2 a2a><-3
a  aa* aa*? aa*?
| | | |
\ \ \ \

1 a* a>(—2 a>(—3

13
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Conclusions & open problems

Conclusions: amenability behaves well in inverse semigroup theory
. within the domains Ds+s c S.

Future research:

1. Do these results have analogues in groupoid theory?
Within the domains?
2. Relation to other properties?

Soficity of S (Ceccherini-Silberstein & Coornaert, 2014).
Property A (in metric spaces).

Exactness of S.

e Approximation properties of some operator algebras.

14
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Thank you for your attention! Questions?
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