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Introduction Cayley graphs and word metrics

Generated groups and word metrics

Recall that a generated group (G, S) consists of a group G and a specific
generating set S.

Definition 1 (Word metrics)

Let (G, S) be a generated group. The word metric with respect to S, denoted
by dw, is defined on G by

dw(g h) =min{neN: g h=s"s?--- s\, s;€ S,€; € {+1}} (1)

for all g,he Gwith g# hand dy(g,g) =0forallge G.
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- Inuoduction | Cayleygraphsandwordmetmics
Group norms

Let (G, S) be a generated group. Then

gl = min{neN: g=s]'s;?--- s, s;€ S,e;€ {£1}} ifg#e,
v ifg=e.

defines a group-normon G.

Furthermore, we have

dw(g h =g ' hllw @)

forall g, he G.
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Cayley digraphs and graphs

Let (G, S) be a generated group. Recall that the Cayley digraph of G with
respect to S, denoted by Cay(G, S), is a digraph such that
© thevertexsetis G;

Q thesetofarcsis{(g,gs): g€ G,s€ S}.

The (undirected) Cayley graph of G with respect to S, denoted by
Cay (G, ), is defined as the underlying graph of Cay(G, S):
@ thevertexsetis G;

@ {g h}isanedgein Cay(G,S) if and only if (g, /) or (k, g) is an arc in
Cay(G,S).
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Word metrics and Cayley graphs

Theorem 2 (Well-known Result)

Let (G, S) be a generated group. For all g # hin G, dw(g, h) equals the
shortest length of a path in Cay (G, S) connecting vertices g and h.
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Mainresults ~ Cayley color graphs and cardinal metrics

Cardinal norms

Let (G, S) be a generated group. Define a function || - || corresponding to S,
called the cardinal norm on G, by

lgll = min{|Al: A< Sand g€ (A)} 3)

forall ge G.

Theorem 3

Let (G, S) be a generated group. Then | - || is a group-norm:
@ lgll=0forall ge Gand ||g|l = 0 if and only if g is the identity of G;
Q lg'l=lglforallge G
Q lighl <lgll+Ihlforal g heG.
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Cayley color graphs and cardinal metrics

Main results

Cardinal metrics
Let (G, S) be a generated group. The cardinal metric on G is defined by

dc(g,h) =g 'hl (4)

forallg, he G.
Some properties of the cardinal metric are listed below.

Q dc(g h =S|
Q dc(g W) =dw(gh)
© The following are classes of isometries of (G, d¢):

> the left multiplication maps Lg: h— gh;
» the automorphisms 7 of G with the property that ||7(g)|l = || gl for all

geG;
» the automorphisms 7 of G with the property that 7(S) = S.
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Main results Cayley color graphs and cardinal metrics

Comparison between word and cardinal metrics

Theorem 4
Let (G, S) be a finitely generated group.

Q@ If (G, dw) is of infinite diameter, then (G, dy) and (G, d¢) are not
quasi-isometric.

Q If (G, dw) is of finite diameter, then (G, dy) and (G, dc) are bi-Lipschitz
equivalent.
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Main results Cayley color graphs and cardinal metrics

Characterization of cardinal metrics

Let (G, S) be a generated group. Let @C(G, S) be the Cayley color digraph
of Gwith respect to S.

Theorem 51

If g and h are distinct elements of G, then d¢(g, h) equals the minimum

number of colors associated with a path in @C(G, S) connecting vertices g
and h.

TS, Geometry of generated groups with metrics induced by their Cayley color graphs,
Analysis and Geometry in Metric Spaces, 7 (2019), pp. 15-21
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Main results Cayley color graphs and cardinal metrics

An example: The quaternion group Qg

Figure: C—a})fc(Qg, {i, j}); blue arcs are induced by i and red arcs are induced by j.
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Main results Cayley color graphs and cardinal metrics

Color-permuting and color-preserving automorphisms

A graph automorphism a of C_a)’rc(G, S) is called a color-permuting
automorphism of Cay.(G, S) if there exists a permutation o € Sym (S) such
that (g, h) has color cif and only if (a(g), a(h)) has color o (c) for all g, hin G.

A graph automorphism « of al—{rc(G, S) is called a color-preserving
automorphism of Cay.(G, S) if (g, h) has color cif and only if (a(g), @(h)) has
color cforall g, hin G.
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A class of isometries of (G, d¢)

Theorem 6

If (G, S) is a generated group, then the color-permuting automorphisms of
Cay.(G, S) are isometries of G with respect to the cardinal metric.

Corollary 7

If (G, S) is a generated group, then the color-preserving automorphisms of
Cay(G, S) are isometries of G with respect to the cardinal metric.
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