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Introduction

Problem (Blake et al., 1993)

Let Fq be a finite field with q elements, where q is a power of a
prime p.
Let F∗

q be the multiplicative group of Fq.
If α ∈ F∗

q\{1} is an element of order ord(α), can we find
ord(α+ α−1) from ord(α)?
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Some results

Theorem (Shparlinski, 2001)

If γ ∈ F∗
q does not belong to any proper subfield of Fq, then at

least one of the multiplicative orders of γ and γ + γ−1 exceeds
c(p, ε)(ln q)4/3−ε, where c(p, ε) > 0 depends only on p and
arbitrary ε > 0.

Remark

The theorem above is a particular case of Theorem 4.3 in (von zur
Gathen-Shparlinski, 1999).
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Some results

Theorem (Shparlinski, 2001)

For any fixed ε > 0 and sufficiently large q, for any positive divisors
n and m of q − 1 with nm ≥ q3/2+ε there exists γ ∈ F∗

q with

ord(γ) = n and ord(γ + γ−1) = m.
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Dickson polynomials

Dickson polynomials

For each integer m > 0 we define the Dickson polynomial of
degree m as

Dm(x) =

⌊m/2⌋
∑

i=0

m

m − i

(

m − i

i

)

(−1)ixm−2i

Properties

Dm(x) ∈ Z[x ].

Dm(x + x−1) = xm + x−m.
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Dickson polynomials

In the following Fq is a finite field with 2n elements for some
positive integer n.

Dickson polynomials will be considered as polynomials in
Fq[x ].

Simone Ugolini On the multiplicative order of α + α
−1



Dickson polynomials

In the following Fq is a finite field with 2n elements for some
positive integer n.

Dickson polynomials will be considered as polynomials in
Fq[x ].

Simone Ugolini On the multiplicative order of α + α
−1



Roots of Dickson polynomials

Any element α ∈ Fq can be written as α = γ + γ−1 for some
γ ∈ F∗

q2
(i.e. γ is a root of x2 + αx + 1 in Fq2).

Finding a root α ∈ Fq of Dm(x) amounts to finding some
γ ∈ F∗

q2
such that

Dm(γ + γ−1) = γm + γ−m = γ−m(γm + 1)2 = 0

or equivalently
γm + 1 = 0

namely ord(γ) divides m.
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Roots of Dickson polynomials

A question by Blokhuis et al., 2018

Let m be an integer which divides q + 1 = 2n + 1.
Consider the sets

Sm := {α ∈ F∗
q : Dm(α) = Dm(α

−1) = 0};

Tm := {α ∈ F∗
q : Dm(α) = 0,Dm(α

−1) 6= 0}.

Are the sets Sm and Tm non-empty?

Simone Ugolini On the multiplicative order of α + α
−1



Roots of Dickson polynomials

A question by Blokhuis et al., 2018

Let m be an integer which divides q + 1 = 2n + 1.
Consider the sets

Sm := {α ∈ F∗
q : Dm(α) = Dm(α

−1) = 0};

Tm := {α ∈ F∗
q : Dm(α) = 0,Dm(α

−1) 6= 0}.

Are the sets Sm and Tm non-empty?

Simone Ugolini On the multiplicative order of α + α
−1



Roots of Dickson polynomials

Some results (Blokhuis et al., 2018)

Some answers are given for certain values of m in (Blokhuis et
al., 2018).

In the particular case m = q + 1 the sets Sq+1 and Tq+1 are
both non-empty, provided that q > 4.
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The graph associated with the map x 7→ x + x
−1

In (Ugolini, 2012) I studied the structure of the graph associated
with the map ϑ defined on P

1(Fq) := Fq ∪ {∞} as

ϑ : x 7→

{

∞ if x ∈ {0,∞};

x + x−1 otherwise
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In (Ugolini, 2012) I studied the structure of the graph associated
with the map ϑ defined on P

1(Fq) := Fq ∪ {∞} as

ϑ : x 7→

{

∞ if x ∈ {0,∞};

x + x−1 otherwise

A note on the graph’s construction

If α1, α2, α3 ∈ P
1(Fq) and α2 = ϑ(α1), α3 = ϑ(α2), then

α1 α2 α3
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The graph associated with the map x 7→ x + x
−1

In (Ugolini, 2012) I studied the structure of the graph associated
with the map ϑ defined on P

1(Fq) := Fq ∪ {∞} as

ϑ : x 7→

{

∞ if x ∈ {0,∞};

x + x−1 otherwise

A remark on the elements in Sq+1 and Tq+1

The elements in Sq+1 and Tq+1 appear as leaves of the connected
components of the graph associated with the map ϑ.
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Example: graph associated with ϑ over Fq = F26

Black nodes: elements in Sq+1
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Example: graph associated with ϑ over Fq = F26

Black nodes: elements in Tq+1
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About the structure of the graph

The properties of the graph, as

the depth of the trees (which is the same in any connected
component),

the length of the cycles,

can be explained relating the map ϑ to the duplication map on a
certain elliptic curve (a Koblitz curve).

Theorem

If n := 2lm for some non-negative integer l and some odd integer
m, then either all trees in a connected component have depth 1 or
l + 2.

Example

If q = 26, then n = 2 · 3 and the depths can be either 1 or 3.
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On the multiplicative orders of the iterates

In (Ugolini, 2018) some results on the orders of the iterates
are given.

Let γ be an element of Fq4\{0, 1} such that ord(γ) | (q2 + 1).

It can be proved that γ is a leaf of a tree having depth l + 4
in the graph associated with ϑ over P1(Fq4).
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On the multiplicative orders of the iterates

Let γi be the i -th iterate of γ, e.g.

γ1 = ϑ(γ),

γ2 = ϑ(γ1) = ϑ2(γ),

γ3 = ϑ(γ2) = ϑ3(γ),

. . .

One of the following 3 cases is possible for the iterates of γ.
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Case 1

ord(γ) | (q2 + 1);

ord(γ1) | (q + 1);

ord(γ2) | (q − 1);

. . . ;

ord(γl+4) | (q − 1).
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Case 2

ord(γ) | (q2 + 1);

ord(γ1) | (q
2 − 1), ord(γ1) ∤ (q + 1), ord(γ1) ∤ (q − 1);

ord(γ2) | (q
2 − 1), ord(γ2) ∤ (q + 1), ord(γ2) ∤ (q − 1);

. . .

ord(γl+2) | (q + 1);

ord(γl+3) | (q − 1);

ord(γl+4) | (q − 1).
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Case 3
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Final remarks

For other properties, see (Ugolini, 2018).

For example, we can deduce that any element in the cyclic
group Cq+1 of order q + 1 in F∗

q2
is expressible as

ϑ(α) or ϑl+2(α)

for some α in the cyclic group Cq2+1 of order q2 + 1 in F∗
q4
.

There are also some relations between the order and the trace
of the iterates.
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