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Introduction

Presentations

• traditional presentation of algebraic structures
In this talk: semigroups,
inverse semigroups or groups

:

⟨q1, . . . , qn | ℓ1 = r1, . . . , ℓm = rm⟩

Q = {q1, . . . , qn}: generators,
(ℓ1, r1), . . . (ℓm, rm) ∈ Q+ × Q+: relations

• possible input to algorithms if both sets are finite

• alternative: use automata ⇝ automaton structures
• Why? Many examples of groups with interesting properties arise in this way

(intermediate growth, Burnside problem, …) and
allows finite description of possibly non-finitely presented (semi)groups.

• How? ⇝ short recap

Jan Philipp Wächter (FMI) Automaton Structures 10th June 2019 2 / 16
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Introduction

Automata

In this setting, an automaton is a
• possibly partial

Ofte
n only

comp
lete

autom
ata are

consi
dere

d
• finite-state,
• letter-to-letter

transducer
• without final or initial states.

A deterministic automaton is an S-automaton.

Example

q p

1/0

0/1

0/0
1/1
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Introduction

S-Automata

• Idea: every state q induces a (partial) function q ◦ : Σ∗ → Σ∗

(only requires determinism)

Example

q p

1/0

0/1

0/0
1/1

• p ◦ is the identity function

• q ◦ 000 = 100

q ◦ 100 = 010

q ◦ 010 = 110

• q ◦ increments (reverse) binary
representation

• Notice: the functions are total if the automaton is complete.

Jan Philipp Wächter (FMI) Automaton Structures 10th June 2019 4 / 16



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Introduction

S-Automata

• Idea: every state q induces a (partial) function q ◦ : Σ∗ → Σ∗

(only requires determinism)

Example

q p

1/0

0/1

0/0
1/1

• p ◦ is the identity function
• q ◦ 000 = 100

q ◦ 100 = 010

q ◦ 010 = 110

• q ◦ increments (reverse) binary
representation

• Notice: the functions are total if the automaton is complete.

Jan Philipp Wächter (FMI) Automaton Structures 10th June 2019 4 / 16



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Introduction

S-Automata

• Idea: every state q induces a (partial) function q ◦ : Σ∗ → Σ∗

(only requires determinism)

Example

q p

1/0

0/1

0/0
1/1

• p ◦ is the identity function
• q ◦ 000 = 100

q ◦ 100 = 010

q ◦ 010 = 110

• q ◦ increments (reverse) binary
representation

• Notice: the functions are total if the automaton is complete.

Jan Philipp Wächter (FMI) Automaton Structures 10th June 2019 4 / 16



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Introduction

S-Automata

• Idea: every state q induces a (partial) function q ◦ : Σ∗ → Σ∗

(only requires determinism)

Example

q p

1/0

0/1

0/0
1/1

• p ◦ is the identity function
• q ◦ 000 = 100

q ◦ 100 = 010

q ◦ 010 = 110

• q ◦ increments (reverse) binary
representation

• Notice: the functions are total if the automaton is complete.

Jan Philipp Wächter (FMI) Automaton Structures 10th June 2019 4 / 16



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Introduction

Automaton Semigroups

• S-automaton T with state set Q generates semigroup:
S (T ) is the closure of Q ◦ = {q ◦ | q ∈ Q} under composition of (partial) functions

Example

q p

1/0

0/1

0/0
1/1

• p ◦: identity
• q ◦: increment

• q ◦ p ◦ = p ◦ q ◦ = q ◦
• qq ◦ 000 = q ◦ 100 = 010

qq ◦ 100 = q ◦ 010 = 110

qq ◦ 010 = q ◦ 110 = 001

• qn ◦: “add n”

S
(T

)
=

q
∗
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Introduction

Inverses

• Idea: swap input and output

Example

q p ⇝ q p

1/0

0/1

0/0
1/1 0/1

1/0

0/0
1/1

0/0 0/0

• Problem: result may be not deterministic

⇝ invertible or S-automaton
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Introduction

Overview

automaton properties structure
S-automaton deterministic (partial) automaton semigroup
complete S-automaton deterministic,

complete
complete automaton semigroup

Other people usually simplyuse “automaton semigroup”for this!

S-automaton deterministic,
invertible

automaton-inverse semigroup

This is the same as

“inverse automaton semigroup”

(D’Angeli, Rodaro, W. arXiv 2018).
G-automaton deterministic,

complete,
invertible

automaton group
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Partial Automaton Structures

Why bother with partial automata?

• They allow for a natural presentation of inverse automaton semigroups.
• Thus, they bridge the gap between semigroups and groups…
• …and this can help with algorithmic decision problems.
• There is no reason to only consider complete automaton semigroups.
• In most cases, results for complete automaton semigroups hold also for (partial)

automaton semigroups.
Only little prior research: Olijnyk, Sushchansky and Słupik; Nekrashevych
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Partial Automaton Structures Word Problem

Word problem

• The (uniform) word problem
Input: an S-automaton T = (Q,Σ, δ), p,q ∈ Q+

Question: is p = q in S (T )?
for automaton semigroups is in PSpace
(simple guess and check algorithm, observed by Steinberg 2015).

Conjecture (Steinberg 2015)
There is an automaton group with PSpace-complete word problem.
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Partial Automaton Structures Word Problem

From inverse semigroups to groups

Conjecture (Steinberg 2015)
There is an automaton group with PSpace-complete word problem.
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Partial Automaton Structures Word Problem

From inverse semigroups to groups

Conjecture (Steinberg 2015)
There is an automaton group with PSpace-complete word problem.

Theorem (D’Angeli, Rodaro, W. 2017)
There is an automaton semigroup with PSpace-complete word problem.

There is an inverse automaton semigroup with PSpace-complete word problem.

• Proof uses direct encoding of Turing machine computations

• Groups: uniform word problem is NL-hard (D’Angeli, Rodaro, W. 2017)
but rather easy result…

• But: Extension from inverse semigroups to groups is possible!
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Partial Automaton Structures Word Problem

From inverse semigroups to groups

Conjecture (Steinberg 2015)
There is an automaton group with PSpace-complete word problem.

Theorem (W., Weiß; arXiv by tomorrow)
There is an automaton group with a PSpace-complete word problem.

• This is based on the original construction for inverse semigroups!
(D’Angeli, Rodaro, W. 2017)

• New idea: use iterated commutators
(similar to Barrington 1989, also: Gurevich and Mal’cev)
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Partial Automaton Structures Word Problem

Compressed word problem
Definition
compressed word problem of an automaton group:
Constant: a G-automaton T = (Q,Σ, δ)

Input: a straight-line program encoding q ∈ (Q ∪ Q)∗

Question: is q = 1 in G (T )?

Current state: Not really studied yet but…
• Problem is in ExpSpace (by uncompressing the straight-line program)
• Gillibert’s result on the order problem (2018) can be adapted:

there is an automaton group with a PSpace-hard compressed word problem
• Proof of D’Angeli, Rodaro, W. for word problem shows:

there is an inverse automaton semigroup with an ExpSpace-complete compressed word
problem.

Both: Gillibert via personal communication
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Partial Automaton Structures Word Problem

ExpSpace-complete

Theorem (W., Weiß; arXiv by tomorrow)
There is an automaton group with an ExpSpace-complete compressed word problem.

In fact: we can use the same group for PSpace and ExpSpace!
• Hardness follows the same proof ideas as for the normal word problem.
• To the best of our knowledge: first example of a group with provably more difficult

compressed word problem than (normal) word problem.
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Partial Automaton Structures Finiteness Problem

Finiteness Problem

Theorem (Gillibert, 2014)
The finiteness problem for complete automaton semigroups
Input: a complete

actually,
this seems artificial

S-automaton T = (Q,Σ, δ)
Question: is S (T ) finite?

is undecidable.

Theorem (D’Angeli, Rodaro, W. arXiv 2017)
The problem
Input: a partial

“partial” is intrinsic here!

, invertible, bi-reversible S-automaton
bi-reversible:

a/b1

a/b2

a1/b

a2/bQuestion: does it generate a finite semigroup?
is undecidable.
Both proofs use Wang tilings.
Warning: does not show undecidability of finiteness problem for inverse automaton semigroups!
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this seems artificialS-automaton T = (Q,Σ, δ)

Question: is S (T ) finite?
is undecidable.

Theorem (D’Angeli, Rodaro, W. arXiv 2017)
The problem
Input: a partial

“partial” is intrinsic here!
, invertible, bi-reversible S-automaton

bi-reversible:
a/b1

a/b2

a1/b

a2/bQuestion: does it generate a finite semigroup?
is undecidable.
Both proofs use Wang tilings.

Warning: does not show undecidability of finiteness problem for inverse automaton semigroups!
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Partial Automaton Structures Finiteness Problem

Inverse Semigroups and Groups

• Problem remains open for inverse semigroups and groups
• But:

We have an equivalent formulation/problem:

Theorem (D’Angeli, Francoeur, Rodaro, W. arXiv 2019)
T = (Q,Σ, δ): S-automaton

|S (T )| = ∞ ⇐⇒ ∃ξ ∈ Σω : |Q∗ ◦ ξ| = ∞

Corollary
T = (Q,Σ, δ): G-automaton

|G (T )| = ∞ ⇐⇒ ∃ξ ∈ Σω : |G (T )/ Stab(ξ)| = ∞
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Questions

Open Problems

1 Is the finiteness problem for inverse automaton semigroups (and groups) decidable?
strengthened version for invertible automata known

2 If the freeness problem for inverse automaton semigroups or groups decidable?
It is undecidable for semigroups (D’Angeli, Rodaro, W. arXiv 2017)

3 Do we have: S partial automaton semigroup ⇐⇒ S complete automaton semigroup ?
Of course: Every complete automaton is in particular a partial one.
Equivalent (D’Angeli, Rodaro, W. arXiv 2018) to Cain’s problem (2009):

S0 complete automaton semigroup ?=⇒ S complete automaton semigroup
4 Which semigroups can be presented as (complete or partial) automaton semigroups?
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Questions

Thank you!
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