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@ error-correcting codes

@ algebraic curves and AG codes

© Weierstrass semigroup at one point and AG codes

@ examples from the Suzuki curve

© Weierstrass semigroup at many points and AG codes
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N
Codes

A : finite set n : positive integer cCcA”
for any x = (x1,...,Xn), ¥ = (V1,---,yn) € A" :
dx,y) =Nie{l,...,n} : xi #y;}| Hamming distance

d=d(C):=min{d(x,y) | x,y € C.x £y}  t:=[%]

o C is a block code of length n over the alphabet A

@ C has minimum distance d and corrects up to t errors

log cl . . . . .
o R:= %H information rate D := % relative minimum distance

Goal: maximize R and D

Singleton bound: |C| < |A|"~9+1

Giovanni Zini (Universita di Milano-Bicocca)
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Linear codes

A =T, finite field with g elements
C : Fg-linear subspace of Fg
k := dimp,C = |C| = g*
d = ming yec, xzy d(x,y) = mingec {i € {1,...,n} : x; # 0}]
C is a linear [n, k, d] -code
Singleton bound: k+n<n+1
relative Singleton defect: A := w >0

Goal: minimize A
Several families of linear codes:

Hamming, Golay, BCH, Reed-Solomon, Reed-Muller ...

Algebraic Geometry codes from algebraic curves over finite fields

Giovanni Zini (Universita di Milano-Bicocca)
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Algebraic curves over finite fields

e X CPG(r,Fq): projective, geometrically irreducible, algebraic curve
defined over F
A(X,....X,) =0
X : fioofo1 €Fg[Xe, ... X
fii1(X1,...,X,)=0
o g =g(X): (geometric) genus of X

o X(F,) : (finite) set of Fg-rational places of X

If P is a non-singular points of X
= there is a unique place of X’ centered at P

If X is non-singular:
= X(Fq) = X NPG(r,q) : set of Fy-rational points of X
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Algebraic Geometric codes: ingredients

o X : [Fy-rational curve

o Fy(X) : field of Fy-rational functions over X
(field of fractions of the coordinate ring of X over [Fy)

@ Group of [Fg-rational divisors of X : D = ZPGX(Fq) npP, np € Z
(free group generated by the Fy-rational places)

@ Principal divisor of f € Fq(X)\ {0} :
collects zeros and poles of f, counted with multiplicity

(f) = (Flo = (floo = > vpP — Y. (-w)P

P:Pis a zero of f P:Pis a pole of f

@ Riemann-Roch space of the [Fg-rational divisor D : [F4-vector space

L(D) = {f e Fg(X)\ {0} | (f) + D > 0} U {0}
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Algebraic Geometric codes

e X : [F4-rational curve

o D=Py+ -+ P, with P; € X(Fg), Pi # P for i #j

e G : another F-rational divisor with Py,..., P, ¢ supp(G)
@ [Fy-linear evaluation map

ep : E(G)%ng f'_>eD(f):(f(Pl)v"'vf(P”))

e Cr(D,G) :=1Im(ep) : (functional) Algebraic Geometric code
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Algebraic Geometric codes: parameters

X : Fg-rational curve, D =37, P;, P;ie X(Fq) distinct places
G : Fg-rational divisor of X’ with P; ¢ supp(G)
Cz(D, G) is an [n, k, d]4-code
o If deg(X) > 2g — 2, then rel. Singleton defect A < g/n
= use curves with many Fg-rat. points w.r.t. g = FFg-maximal curves
@ Goppa lower bound on the minimum distance: d > n — deg(G)
e Distance: k = dim(£(G)) — dim(L(G — D))
o If deg(G) < n, then k = dim(L(G))

We focus on one-point codes: G=mP with P € X(Fg) and m < n
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Weierstrass semigroup

g(X)>0,PeX(F,), D=5 ,Pi, G=mP, m<n, k=dim(L(mP))
o L(mP)={f e Fg(X) | (f) > —mP} :
functions with P as unique pole, with multiplicity at most m
@ HP)={s>0|3f e Fg(X): (f)o = sP}
Weierstrass semigroup at P, set of non-gaps (or pole numbers) at P
e G(P) =N\ H(P) set of gaps at P.
@ |G(P)| : genus of the semigroup
@ Weierstrass Gap Theorem:
G(P)| = g(X),  min(G(P)=1, max(G(P)) < 2g(X) 1
e H(P) is the same for almost all places P of X

@ Weierstrass points : places with Weierstrass semigroup different from
the one of almost all other places of X
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Weierstrass semigroup and dimension k of the code

g(X) >0, PeX(Fy), D=3",P, G=mP, m<n, k=dim(L(mP))
HP)={p1=0<p2<p3<...}
>0, dimL(CP) = d?mﬁ((ﬂ —1)P)+1 ?f e H(P)
dimL((¢ — 1)P) if £ € G(P)
k=|{¢ e H(P):{< m}
Weierstrass semigroup = dimension of the code

explicit descrption of H(P), explicit description of G(P),

minimal set of generator, Frobenius number, multiplicity...

SVENMIWANTIN (VIS SRV IED IR SNSE)]  Weierstrass semigroups and AG codes June 13th, 2019 10/16



Weierstrass semigroup and minimum distance d

g(X)>0, PeX(Fy), D=317,Pi, G: Fgrat. div., P; ¢ supp(G)
HP)={p=0<pa<pz<...}
Ce(D, G)* {XGF"\(xy>—0VyECLDG}dualcode
nl=n kt=n—k dt+>7?
ve = |{(i,J) € N’ 2 pi + pj = pe1}]
C = Cc(D, py)* dorp(C) := min{vmy, : m > (}
Order bound:

d* > dorp

Weierstrass semigroup = minimum distance of the code
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Weierstrass semigroups on the Suzuki curve

s>1, q=2°, q=2q =2>"1 Suzuki curve over Fy :
Syt Y94 Y =XB(X9 4 X)

o Aut(Sq) = Ba(q), g=qo(g 1), [Sq(Fes)l = ¢* +1+2¢°¢
= Sq is [Fga-maximal

o Fu(Sq) =Fpu(x,y), x,y : coordinate functions

o Py € S4(Fq) : unique point at infinity of S,

@ in IFq4(Sq) CoX, Y, vi=y290 4 x20tl oy = 290 420

o H(Px)=1{(g, q+49o, g+2q, q+2go+ 1) (Matthews 2004)
= H(P) = H(Px) YP € Sq(Fq), as Sq(Fq) is an orbit of Aut(Sq)

o for Pe S5\ Sq(Fy) : H(P)=7
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Weierstrass semigroups on the Suzuki curve

Sq: YI4Y =XD(XI4X)
o {Weierstrass points of Sq} = Sq(Fq) (Fuhrmann-Torres 1998)
= H(P) is the same for all P € S\ S4(Fq)
= let P =(a,b) € Sq(Fg) \ Sq(Fyq)
@ ®: P— P9 Frobenius map on the places of &,
o there exists fp € Fq(S,) such that
(fp) = qP + 2qo®(P) + ®*(P) — (q + 2q0 + 1)Psc
= (fop)) = q®(P) +2q0®*(P) + ®*(P) — (g + 290 + 1) Pec,
(fe) = q®*(P) +2q0®*(P) + P — (q + 290 + 1) Pws,
(fp) = q®3(P) + 2qoP + ®(P) — (g + 2q0 + 1) Pws.

@ rational function tp associated to the tangent line to S, at P:
(tp) = GoP + ®(P) + E — (g + qo) Po With E >0, Pog, ®'(P) ¢ supp(E)
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Weierstrass semigroups on the Suzuki curve

Sqg: YI4+Y =XP(X+X)
with suitable h,i,j, k, (i, h € N, H(P) is given by the multiplicities at P of

(fate) - Flairy  foagey - th) /12 () ®) / (7 foreer)

Theorem
P € 8q\ Sq(Fy), minimal set of generator for H(P):

{hq—kqo—uzh—k—z)/zj : he{1,...,q0},ke{o,...,zh—z}}

U {ha—(@h-a0) - 1)a—(00—1) : he{a+1,...,20}}

Application to the parameters of C.(D, mP) and C.(D, mP)*
with D = S¢(IFgs) \ {P} = get examples of good codes
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Weierstrass semigroup at many points and AG codes

generalization:
X : curve over [y, P1,...,P: : distinct Fg-rational places of X'

H(Py,...,P;:): Weierstrass semigroup at (P1,...,Pt) :
{(s1,-..,5:) EN' | IF €Fq(X) : (Floc =s1P1+ -+ 5t € P}

- Gaps at (Py,...,Pt): G(Py,...,Pt) =N\ H(Py,...,P;)
G(P1,...,P:) = {(51, ..., 5t) € Nt such that

dim,l (Zle SiPi) = dim/L ((thzl S,'P,') — PJ' for some j € {1, e t}}
- Pure gaps at (Py,...,P¢) : Go(Py,...,P:) = {(s1,...,5:) € Nt s.t.
dimC (3f_g siPr) = dimL (), siPi) — Pj forall j € {1,...,t}}

Pure gaps give better lower bounds on the minimum distance of
Ce(D,nPr+ -+ nePr)
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Thank you for your attention!
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