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Growth

Z2 = 〈a = (0,1),b = (1,0) | ab = ba〉
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Growth

F2 = 〈a,b〉
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Some results on groups of intermediate growth

Grigorchuk’83
There exists a group of intermediate growth.

Bartholdi, Erschler’2014
For many “good” α ≤ 1, there exists a group of growth
∼ exp(nα).

Nekrashevich’2018
A first example of group of intermediate growth which does not
involve an automaton group.



Some questions on groups of intermediate growth

Open question
Is it decidable if an automaton group has intermediate growth?

K., ICALP’18
A bireversible:

∃g ∈ 〈A〉 of infinite order =⇒ 〈A〉 has exponential growth

Corollary
No infinite virtually nilpotent group can be generated by a
bireversible Mealy automaton.
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Why looking at bireversible automata?

Property
All connected component are strongly connected.

Lemma
If A connected, its Nerode classes have all the same cardinality.

Proposition
If A and B connected and minimal on the same alphabet

#A 6= #B =⇒ ∀p ∈ A,∀q ∈ B, ρp 6= ρq
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All connected component are strongly connected.

Lemma
If A connected, its Nerode classes have all the same cardinality.

Proposition
If A and B connected and minimal on the same alphabet

#A 6= #B =⇒ ∀p ∈ A,∀q ∈ B, ρp 6= ρq
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Some questions on groups of intermediate growth

Open question
Is it decidable if an automaton group has intermediate growth?

K., ICALP’18
A bireversible:

∃g ∈ 〈A〉 of infinite order =⇒ 〈A〉 has exponential growth

Corollary
No infinite virtually nilpotent group can be generated by a
bireversible Mealy automaton.



A simpler case [K.’16]

A bireversible of size n s.t. ∀k , Ak connected

I ∀k , #Ak+1 = n ·#Ak

I ∀k , #m(Ak+1)≥#m(Ak )

q ∈ Q a state of A:

#m(Ak ) =
#Ak

|JqkK|

. JqkKq ⊆ Jqk+1K

. up ∈ Jqk+1K⇔ JuKp ⊆ Jqk+1K =⇒ Jqk+1K =
⋃

p∈Qk⊆Q
Juk ,pKp

=⇒ |JqkK| ≤ |Jqk+1K|

≤ n · |JqkK|
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The general case

I ∀k , # cc(qk ) ≤ # cc(qk+1) ≤ n·# cc(qk )

I ∀k , #m(cc(qk+1)) ? #m(cc(qk ))

simpler case

#m(Ak ) =
#Ak

|JqkK|

JqkKq ⊆ Jqk+1K

general case

#m(cc(qk )) =
# cc(qk )

|JqkK ∩ cc(qk )|

(JqkK∩cc(qk ))q ? Jqk+1K∩cc(qk+1)

for q of constant ratio
J qk K• = JqkK∩cc(qk )∩Σ∗q

×` ×` ×`

# cc(qk )

n · | J qk K• |
≤ #m(cc(qk )) ≤ # cc(qk )

| J qk K• |

J qk K•q ⊆ J qk+1 K•
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Some questions on groups of intermediate growth

Open question
Is it decidable if an automaton group has intermediate growth?

K., ICALP’18
A bireversible:

∃g ∈ 〈A〉 of infinite order =⇒ 〈A〉 has exponential growth

Corollary
No infinite virtually nilpotent group can be generated by a
bireversible Mealy automaton.
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Perspective

Bireversible automata
Is it possible to generate a group of polynomial or intermediate
growth with a bireversible automaton?

Automaton groups
Is the growth of an automaton group decidable?


